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Abstract 

We study gauge fixing in the generalized Gupta-Bleuler quantization. In this 
method physical states are defined to be simultaneous null eigenstates of a set 
of quantum invariants. We apply the method to a solvable model proposed by 
Friedberg, Lee, Pang and Ren and show that no Gribov-type copies appears by 
construction. 

Gauge fixing is significant in quantization of gauge theories. Gribov ambiguities and spe- 
cially Gribov-type copies [Q] have been a challenge for standard methods of quantization. 
There are some methods to avoid Gribov ambiguities. For example Gribov proposed 
to restrict field configurations only to those with positive Faddeev-Popov determinant. 
Recently Klauder |]^ has formulated a new method of quantization based on projection 
operators into gauge invariant states that avoids any gauge fixing procedure and conse- 
quently Gribov ambiguities. In this article we propose an alternative approach to this 
problem. Using the concept of quantum invariants [0], we show that one can avoid Gri- 
bov ambiguities by quantizing the whole phase space and then determining the physical 
(reduced) Hilbert space instead of constructing the Hilbert space based on the reduced 
phase space 

Considering a gauge model given by a Hamiltonian H{q,p) and a set of first class 
constraints, there exist a generator of gauge transformation that satisfies the following 
conditions ^, 

{G,<PI}\mo = 0, 
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where { , } stands for the Poisson brackets and Mq is the submanifold locally defined 
by primary (first class) constraints 0° . Gauge transformations 5q = {q, G} and 6p = 
{p,G}, determine gauge orbits i.e. gauge orbits are the integral curves of the generator 
of gauge transformation. All points on a gauge orbit correspond to physically equivalent 
configurations of the system. To eliminate gauge freedom (gauge fixing) one may introduce 
gauge fixing conditions = that intersect the gauge orbits. A necessary condition for 
each Xi to intersect the gauge orbits is that it should not belong to the set of integral 
curves of G i.e. {x, G} 7^ 1,0. As is shown formally in Fig.l, a gauge fixing condition 
X that satisfies the condition {x, G} 7^ may never intersect some of the gauge orbits 
or there may exist gauge equivalent copies. In these cases, x's do not fix (completely) 
the gauge and Gribov ambiguities emerge Obviously, Gribov ambiguities would not 
emerge if one was able to select a certain point on the gauge orbit by determining its 
coordinates. This can be achieved by using the concept of invariants. It is well known 



T0| that the classical dynamics of a system possessing gauge degrees of freedom is given 



by a total Hamiltonian 

Ht = H + v,^1, (1) 

where v^^s are Lagrange multipliers. Therefore gauge degrees of freedom are those coor- 
dinates g's which their acceleration q depend on undetermined Lagrange multipliers v{t). 
It can be easily verified that corresponding to each gauge degree of freedom q there exist 
a dynamical invariant Jg defined by the relation 

+ {/„ i/^} = 0. (2) 

Consequently the conditions Ig = eliminate gauge freedom by determining a point 
on the gauge orbit. To do quantization one introduces the commutator algebra e.g. 
{q,p} — > j[q,p] and defines physical states (reduced Hilbert space) as the simultaneous 
null eigenstates of quantum invariants JjQ. This method is introduced in our previous 
work and is called the generalized Gupta-Bleuler quantization . In general the form of 
the Hamiltonian defined in the generalized Gupta-Bleuler quantization is not the same 
as the operator form of the total Hamiltonian Ht- Fortunately in the case of important 
models like Yang-Mills theory and the solvable model proposed by Friedberg, Lee, Pang 



and Ren |]T2[ these two forms are the same. 

^It is important to note that the eigenvalues of a quantum invariant are independent of time and 
the particular solutions of the Schrodinger equation are different from the eigenstates of li only by time 
dependent phase factors 



In the following we study the solvable model proposed by Friedberg, Lee, Pang and 
Ren. This model can exhibit Gribov copies and is given by a U{1) gauge invariant 
Lagrangian 

1 



L 
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or equivalently in terms of polar coordinates 13 



L = ir^ + {e - g^f + ^ (i - " ^W- (4) 



The corresponding total Hamiltonian is 



1 / /"^ 



HT = -[pi + ^+pij+^ {Pz + gL,) + V{r) + e{t)Pi, (5) 

where Pr, L^, Pz and p^ are momenta respectively conjugate to coordinates r, 9, z, ^ 
and e{t) is the Lagrange multiplier. Following the generalized Gupta-Bleuler quantization 
the expectation value of the coordinate operators Qc = (9)phys should satisfy the Euler- 
Lagrange equations of motion obtained from the Lagrangian given in Eq.(^). This can 
be achieved by introducing the Hamiltonian H^^^ = HT{q,p), assuming the commutator 
algebra { , } ^ ^[ , ] and the Schrodinger equation 

Iphys) = Iphys) . (6) 
In addition one should impose the condition 

+ gL,) Iphys) = (7) 
to guarantee the validity of the Lagrangian constraint 

^ ({z, - Q + grlie, - g^. 



< {V'^c - qc) -r yi cV^c 

Now for convenience we identify |phys) as 

Iphys) = 1^^) IV^,) \^e) \il^r) . (8) 

It should be noted that our final result does not depend on this particular form of |phys). 
One can easily verify that the operator 

k = i-e{t), (9) 
is an invariant. This means that 1-0^) is the null eigenstate of 1^: 



or equivalently 

{P^li^d = exp {-ipi^e{t)) , (10) 
where \p^) = p^ \p^). Consequently, the Scrodinger equation Eq.(|D can be written as 



1^.) m \A) = H^'^ li^z) m \A) 
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where H^^^ is defined as follows, 



H'^'^ = l{pr + ^+ p'}j + Kt) {p. + gL.) + v{f). 

This Hamiltonian leads to another quantum invariant = z — e{t) —pzt. This determines 

lipz) to be 



{Pz\ipz) = exp 



-i (^p,e{t) + ^plt 



and the Schrodinger equation takes a new form 



where H^^'' is 



li^e) \A) = H^'^ \^e) \^r) 



(12) 



(13) 



Since commutes with H'^'^'> one can identify iV'e) as eigenstates of L^; 

{Lz\tpe) = exp {-igL^eit)) , 



(14) 



where is an integer due to periodicity condition on \^lJg). Inserting Eq.(|T4D in Eq.(|13[) 
one obtains the true Schrodinger equation for 1-0^,): 

i2\ 
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+ V{r) 



where n = is an integer. Therefore the physical states are 

1 



(]5^,p^,L^,r|phys) = exp 



p^e{t) + p,e{t) + ^plt + gL,e{t) 



(15) 



V^"(r). (16) 



It should be noted that the condition given in Eq. (|^) simply relates the eigenvalues of pz 
and 1/2 to each other i.e. Pz + gL^ = 0. Using Eq . ([T6|) , one verifies that 

= e(t), 
Zc = e(^) + Pzt 



and 



Oc = ge{t). 



This means that gauge freedom is properly fixed with no ambiguity. This result can be 
compared with that of refs.|T^, [T^. In one sense our method is similar to the method 
defined in ref.|@]; in both methods one introduces projection operators into (physical) 
gauge invariant states. In principle this method can be applied to Yang-Mills theory but 
first, one should find the clear form of invariants which of course is not a straightforward 
task. 
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